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Abstract-The optimal distributions of Young's modulus and thickness which guarantee satis
faction of the Tresca yield criterion simultaneously at all points within the annular discs are
presented. The prescribed stress state takes place when the quasistatic pressures upon the contours
reach their limit values. An analytical solution has been obtained for the case of an arbitrary
distribution of thickness (Young's modulus) by means of a semireciprocal method. Assuming the
disc thickness (Young's modulus) to be a power function of radius relations between the limit values
of pressures and the optimal distributions of Young's modulus (thickness) have been presented.
For the case of prescribed linear distributions of radial stress, formulae for the determination of
optimal distributions of thickness and Young's modulus by means of a reciprocal method have
been obtained. The regions of variation of pressures in which homogeneous or annular discs
of optimal distributions of Young's modulus and thickness respectively will remain elastic, are
determined. The advantages of discs of optimal distributions of Young's modulus and thickness
compared with homogeneous discs and discs with constant thickness are discussed.

NOTATION

(1~, (18 radial and hoop stress components
UO radial displacement
P~ pressure upon inner contour
P~ pressure upon external contour
a inner radius
b outer radius
p radial coordinate
(10 yield stress
v Poisson's ratio
EO(p) Young's modulus distribution
hO(p) thickness distribution.

It is convenient to introduce the following dimensionless quantities:

p a (18 (1~ hO(p)
r ="b; IX ="b; (10 = (10; (1, = (10; h(r) = hO(b);

P~ P~ EO(p) UO

PI = (10; P2 = (10; E(r) = EO(b); u = b'

1. INTRODUCTION

Only a few papers have been devoted to the optimal design of nonhomogeneous annular
discs, The dependence ofstresses and displacements on the radius of rotating discs has been
investigated by Pardoen et al. (1981) for power law distribution of Young's modulus,
thickness and density of material. The aim of this investigation was to obtain the desirable
stress state. The design ofnonhomogeneous annular discs reinforced by equi-strained fibers
has been considered by Bushmanov and Nemirovsky (1983a, b) as an example of the
optimal design of nonhomogeneous reinforced plates. The design of continuous non
homogeneous equi-strength annular discs of constant, Heinloo (1987a) and Hein et al.
(1987) or variable, Hein and Heinloo (1987, 1988), Yhe Kai-Yuan and Liu Ping (1986),
thickness has been examined. The method used in these papers and in the present work is
based on the solution of the elastic problem with the additional requirement that the discs
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change from elastic to plastic state simultaneously at all points while the quasistatic loads
achieve their limit values. The equi*strength state for rotating discs \vith regard to the Von
Mises yield criterion was obtained by Yhe Kai-Yuan and Liu Ping (1986) by an appropriate
choice of thickness distribution. In the rest of the above-mentioned papers the equi-strength
state with regard to the Von Mises and Tresca yield criteria was obtained by choosing
suitable Young's modulus distributions. Multilayer annular discs. made of a given number
of concentric homogeneous rings joined together. were examined by Heinloo (1987b). In
this investigation two piecewise constant Young's modulus distributions have been found.
These guarantee, respectively, the global maximum and global minimum of the pressures
upon the external contours with the condition that the Tresca yield criterion is satisfied on
the inner radii of all layers. On the basis of the results given by Heinloo (1987a) it is not
difficult to establish that if Poisson's ratios and yield stresses are the same as for the
piecewise constant Young's modulus distribution the latter converges to the com:sponding
continuous distribution as the number of the layers is increased.

2. BASIC EQCATIOl\S

Let us assume that the annular discs are made of an isotropic. linearly elastic material
which obeys the Tresca yield criterion. The Poisson's ratio and the yield stress are constants
whereas the Young's modulus and the thickness are functions of the radial coordinate r.

For nonhomogeneous annular discs with variable thickness under quasistatic pressures
upon the inner and external contours the stresses U r and UIJ must satisfy the equilibrium
equation

and the compatibility equation

m;+ (rs' + I )u, -Uti = 0 (I)

(2)

where s = In her) and q = In E(r) (see, for example. Timoshenko and Goodier, 1970). In
eqns (I), (2) and in all other formulae in this paper the primes denote differentiation with
respect to r. We consider the limit state of the annular disc under uniformly distributed
pressures. Therefore, the boundary conditions are

(3)

(4)

We assume, thatpl +pz > O. The analysis is based on the Tresca yield criterion from which
for the plane stress case we obtain the following restrictions:

jUri ~ 1.

(5)

(6)

(7)

These conditions establish that all possible stress states lie within or on the Tresca yield
surface. If in one or two of the conditions (5)-(1) the sign of equality is valid for all radial
coordinates r, the stress state lies on the yield surface and the annular disc is fully plastic.
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3. STATICALLY ADMISSIBLE SOLUTIONS

First, let us assume that a9 == C == const for all radial coordinates r. On the basis of
this assumption and making use of the boundary condition (4), the differential eqn (1) has
the following solution

(8)

According to the Tresca yield criterion the disc is fully plastic if C == ± 1. Let us consider
the case C = -1. Then from eqn (8) and the boundary condition (3), we get PI =PIL,
where

(9)

The parameter PIL, defined byeqn (9), is the static limit inner pressure of the annular discs.
It is easy to show that the conditions (5) and (7) are valid, if

for re [a, 1]. Taking into account the eqn (8), the conditions (10) can be rewritten as

f h(r) dr ~ P2 ~ m}n [rh(r) +f h(r) drJ

(10)

(11)

which give the bounds to the limit external pressure.
For illustration we shall make use of the following special form for function h(r):

h(r) = r", where n (-1 < n < 1) is a constant. Then eqn (9) and the inequalities (11) become

1 [ I-r:t'+ I)
PIL == r:t'+1 P2- n+I ; (12)

{

I+nr:t'+l
l-r:t'+1 ,
--- ~P2 ~ l+n

l+n "<:: "<:: 1
,

when n ~ 0

when n ~ O.
(13)

For the case of C = 1 we obtain a, < 0 from eqn (8). Hence, it is evident that the
inequality (5) does not remain valid and, therefore, this problem does not have a statically
admissible solution.

Ifa9-a, = C I =const for all radial coordinates r, the solution ofeqn (I) which satisfies
the boundary condition (4), has the form

1 [ il

h(r) ]
(1, = - h(r) P2+ C\ , -r- dr . (14)

In order to satisfy the Tresca yield criterion for all radial coordinates r we must put C I = 1
or C I = -1. First let us take C I = 1. After fulfilling the boundary condition (5), it follows
from (14) that PI = Plu, where
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I [ (I h(r) ]
Pl. = h(x) pz + J, -r- dr . (15)

Eqn (15) gives the static limit inner pressure Pl. for the case (1&- (j, = I. Employing the
formula (14) and the equality (j&-(jr = I from inequalities (6) and (7) we get the following
upper bound for the limit external pressure

. [ (1 h(r) ]
pz ~ m;n h(r)- J -r-dr .

Since P2 ~ 0, we obtain from (16) the condition

. [ (1 h(r) ]
m!n h(r)-J -r-dr ~ 0

(16)

(17)

that must be satisfied for the statically admissible solution to exist.
If the thickness distribution is given, for instance, in the form of the power function

h(r) = r" for - I < n < I, we have from (15), (16) and (17) the following formulae:

I ( 1- :x
n

)
Plu = ctn P2 + -n-

(l+n)~-l
P2~-""""';'-

n

(18)

(19)

(20)

For C I = - 1 this problem does not have a statically admissible solution. Indeed, rewriting
eqn (14) as

I [ i' h(r) ]
(jr = - h(r) Plh(rx)-C I % -r- dr (21)

one can easily show that (1, < 0 for C) = -I, thereby violating inequality (6).
In the case ofhomogeneous discs with h(r) = r", the stresses (jr and (11J can be calculated

according to the following formulae (see, for example, Timoshenko and Goodier, 1970):

(22)

where the constants C4 and Cs are determined from the boundary conditions (3), (4) and
they have the following form :

(23)

Here XI and X2 are the solutions of the quadratic

x 2 +(2+n)x+(l +v)n = O.

It is not difficult to establish that 0 ~ XI ~ -n, -2 ~ x: ~ -1 Corn ~°and -n < XI < 0,
-3 < X2 ~ -2 for n ~ O.
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Substituting eqns (22) into conditions (5)-(7) and taking into account eqns (23), we
obtain

l(PI - P2rrz),.x1 - (PI - P2(%"<,),.xzi ~ (%"<z -rr'

I(PI-P2IXXz)(2+x2)r'-(pI-p2cr<')(2+xdr<z! ~ ~Z_IXXI

I(PI-P2rrz)(1 +X2)r1-(PI-P2cr<')(l +xl)r<z! ~ ~2_(%"<1. (24)

Functions which lie within the modulus signs are monotonic functions for n = 0,
whereas XI = 0 and X2 = -2. Let us assume that n is so small that the monotonicity
property will be preserved. Under this assumption the inequalities (24) are satisfied, if
PI ~ 1;P2 ~ 1

1(2+XI)(%"<z-(2+X2)IX'<llPl-IX'<lrr2(XI -Xl)P21 ~ rrz-rr l

1[(2+xl)rr'-(2+xl)(%"<2lP2+(x2- x l)ptI ~ (%"<z_(%"<,

1[(1 +X1)cr<2 - (1 + x2)rr'lPl - cr< 'cr<2(x I -X2)P21 ~ (XX2 -rrl

1[(1 +X I)IX'<' - (1 +X2)IXXz]P2 + (X2 -XI)PtI ~ IX'<Z -rr l.

Solving the system (25) with respect to P10 we get

o~PI ~p?u, for 0 ~Pl ~P~L

P?L ~ PI ~ p?u, for P~L ~ Pl ~ P~u

where

(25)

(26)

when n ~ 0

when n ~O.

Here, P?L and p?u are calculated from

and

(27)

(28)

For Pt, ~ pz ~ pt" we have p?u = 1.
It has been verified numerically that (26) is the solution of the system (24) for

-1.0 < n < 1.0; 0.1 < IX < 1.0; 0.2 < v < 0.35.
Constraints (26) determine the region to the elastic deformations for homogeneous

annular discs.
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Fig. I. The dependences of the limit pressures and regions of the elastic deformations.

The variations of p'u. PIL. p?u, P?L on P1, calculated by the formulae (12) (C,D, and
C4D4 ). (18) (A,B, and A4 B4 ), (27) (C,D, and C1D2), (28) (AlB, and A 2B2) with
p?u = pgu = I (BIC" B2£2 and £zC2) for v = 0.33,;x = 0.50, n = -0.60 (C4D4 , A 4B4• C2D2

and A1Bz), n = 0.60 (C,D,. A,B" C,D, and A ,B I ) are shown in Fig. l. The regions of the
elastic deformations for homogeneous discs are located within the polygon A, B I C ID, for
n = 0.60 and the polygon A1B2£1CZDZ for n = -0.60. The elastic region of a non
homogeneous disc with the optimal distribution of the Young's modulus has been shaded
in Fig. I for n = -0.60. whereas the Tresca yield criterion is satisfied simultaneously at all
points for P'u = 0.83, P2 = 0.40. The algorithm forthe calculation of this region is described
in Section 8.

The efficiency of the optimal design may be estimated by means of the ratios P?u/Plu
or P?L/PIL' For example. it follows from Fig. I that Pt/Plu = 0.50 for n = 0.60 and
P?u/Plu = 0.58 for n = -0.60, when P2 = O. Therefore, the limit inner pressure p?u of
homogeneous discs is nearly a half of the limit pressure P'u for discs of optimal non
homogeneity in the region of the elastic deformations.

4. OPTIMAL DISTRIBUTIONS OF YOUNG'S MODULUS

The stress components must satisfy the compatibility eqn (2). The compatibility eqn
(2) which must be satisfied by the stresses will be used to find the distribution of Young's
modulus corresponding to a prescribed stress state. This distribution guarantees the satis
faction of Tresca yield criterion simultaneously at all points of the disc while the pressures
achieve their limit values found above.

Let us consider the case when the statically admissible solution is determined by (8)
for C = - 1 and 0'0 = - I. Then eqn (2) can be expressed in the form

, (l-vrs')O',+ 1
q = r(l +vO',)

(29)

For given distribution of thickness the function q can be found by integrating eqn (29) with
initial condition q(l) = O. The distribution of Young's modulus is calculated from

£(r) = expq(r).

If the distribution of thickness is the power law her) = Y'. eqn (29) becomes

(30)
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, (l-vn)O',+ 1

q = r(1 +vO',)

where

For constant thickness we have n = 0 and eqn (31) takes the form

623

(31)

(32)

which gives

q'
r[r(l- v) + V(I-P2)]

[
r(l-vp2) J1 /

V

E(r) = r(l-v)+v(I-P2) .
(33)

Let us assume that the statically admissible solution (14) for C 1 = 1 and 0'0 - 0', = 1 is
given. Now, instead of eqn (29) we have

, 2-(I-v)rs'O',

q = r[1 +(I-v)O'rl"

Using the function h(r) = rr in eqn (34), we obtain

, 2-(I-v)nO'r

q = r[I+(I-v)O',]

where

1( I-rr)
0', = - rn P2 + -n- .

For the special case n"" 0 eqn (35) will become

, 2
q = r[(I-v)(lnr-P2)+ I]

which has the following exact solution:

_ [(I-V)(lnr-P2)+ IJ2/(I-V)
E(r) - 1 (I ) .- -VP2

(34)

(35)

(36)

(37)

Equations (32) and (36) determine the distribution of the radial stress at the instant
when the limit state is reached.

The variation ofYoung's modulus with r, calculated from eqn (30), after the numerical
integration of the differential eqn (35) (Curves I and 2) and of (31) (Curves 3-5) using the
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Fig. 2. The optimal distributions of Young's modulus.

standard 4th order Runge-Kutta method for q(l) = 0 is shown in Fig. 2. Curve I cor
responds to the case n = 0.60, PI" = 0.85, P2 = 0.00; Curve 2-n = -0.60, PI" = 0.57,
P2 = 0.00; Curve 3-n = 0.60; PIL = 0.00, P2 =0.42; Curve 4-n = -0.60, PIL = 0.00,
P2 = 0.60 and Curve 5-n = -0.60, PIL = 0.50, P2 = 0.98. The results based on eqns (33)
and (37) have been presented previously by Heinloo (1987a).

5. KINEMATICALLY ADMISSIBLE SOLUTIONS

Up to now we considered the case of a given distribution of thickness. Now, let us
determine the optimal distribution of thickness for a given nonhomogeneity.

Let us assume that (10 = C =const for all radial coordinates r as in the previous
Sections. Now, integrating eqn (2) and taking into account the boundary condition (4), we
get

C [1-v
2 II r

l
/
v

C ]
(1, =- +E(r)r-(I+o)lo --c --dr- - -P2 .

V v2 , E(r) v
(38)

To satisfy the Tresca yield criterion, we must take C = -I. Now, from (38) and the
boundary condition (3) we obtain PI = PIL in the limit state. The limit inner pressure PIL
is defined by the formula

I [1-v211 r
Lv

I ]PIL = - +E(OC)OC-(I+v)/v -- --dr- - +P2 .
V v2

2 E(r) v
(39)

In this case the bounds of limit external pressure, analogous to the restrictions (11), are

where

[
r<I+V)/OJ

m}n g(r) + E(r) ~ P2 ~ m!"xg(r)

I l-v2II r l /v r(l+v)/v
g(r) = - - -- --dr- --.

v v2
, E(~ E(~

(40)

on the special case when Young's modulus is the power function E(r) = rn, eqn (39) and
the inequality (40) becomes



and

where
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(tXk -I)(n-v-I)
P - P ~ - --'-------

It - 2 nv-v-I

tX- k +M ~ P2 ~ 0, when I +v ~ n

tX-k+M~P2~M, whenO~n~l+v

I ~ P2 ~ M, when n ~ 0

(~-I)(n-v-I) _I
M= ~( I); k=(nv-v-I)v.nv-v-

625

(41)

The case C = I is not possible because the inequality (5) is not satisfied, at least on the
contour of the disc.

Finally, let us consider the case where (19-(1, = C, = const for all radial coordinates
r. Using the boundary condition (4), we can solve the differential equation (2) to get

=E()[C,(l+V)I'~_ ]_[l-E(r)]C,
(1, r I E() P2 I .-v ,r r -v

(42)

To satisfy the Tresca yield criterion, we must take C I = 1. Now, from (42) and (3),
we get PI = P lu in the limit state, where

[
l+v(1 dr] I-E(tX)

Plu = E(a.) P2- I-VJ2 rE(r) + I-v'

Instead of restrictions (40) we obtain

m}n [fer) + E~rJ ~ P2 ~ m~x fer)

where

I [ II dr I-E(r)J
fer) = I-v (l+v) , rE(r) - E(r) .

Let E(r) = t'. In this particular case eqn (43) and the inequality (44) become

_ ri'- (1-a.")(I+v-n)
Plu - P2 n(l-v)

and

1 ~ P2 ~ N, when 1+ v ~ n

1 ~ P2 ~ 0, when 1+v ~ n ~ (I +v)v- I

a.-n+ N ~ P2 ~ 0, when (I + v)v- I ~ n

where

(43)

(44)

(45)
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Fig. 3. The dependences of the limit pressures and regions of the elastic deformations.

(a- n -1)(1 +v-n)
N= .

n(1- v)

The case C. = -1 is not possible because the inequality (6) is not satisfied, at least in
the neighbourhood of the contour.

The relation between PIL, Plu and P2 based on eqn (41) (C 2D 2, C 3D 3 and C 4D 4), eqn
(45) (A 2B2, A 3B 3 and A 4B 4) for v = 0.33, :x = 0.50, n = 0.00 (C2D 2), n = 0.90 (A 3B 3 and
C3D 3), n = 3.00 (A 2B 2), n = 1.00 (C4D 4), n = 2.00 (.4 4B4) is shown in Fig. 3. The region
of elastic deformations for a nonhomogeneous disc with constant thickness lies inside the
polygon A.B\CID 1 for n = 0.9. The analogous region, in case of the disc with the optimal
distribution of thickness, lies inside the shaded polygon whereas the Tresca yield criterion
is satisfied simultaneously at all points of the disc for the pressures PIL = 0.27 andp2 = 0.40.
The algorithm for the calculation this region is described in Section 8.

6. OPTIMAL DISTRIBUTIO~S OF THICKNESS

Now from the equilibrium eqn (I) we may find the thickness distribution corresponding
to the prescribed stress state. This distribution guarantees the satisfaction of the Tresca
yield criterion simultaneously at all points of the disc, when the pressures achieve their limit
values found in Section 5.

Let us assume that the kinematically admissible solution is given by eqn (38) for
C = -I and (19 = -I. Then, from (I) we obtain the following differential equation for s:

, -l-(l,-r(l;
s =----

r(l,
(46)

Integrating (46) for the given distribution of Young's modulus E(r) and taking into account
the initial condition s(l) = 0, we obtain the function s(r). Then the optimal distribution of
thickness can be found from

h(r) = exps(r). (47)

Let us consider the particular case when the nonhomogeneity is defined by the function
E(r) = r n

• It follows from (38) that the radial stress has the form
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For a constant Young's modulus i.e. for n = 0 we get

and (46) gives the following exact solution

[
. P2 JI (1+"

her) = I-(I-P2)r- m

where

m = (1 +v)v- I.

627

(48)

(49)

Let us assume that the kinematically admissible solution is determined by eqn (42) for
C 1 = 1 and U9-Ur = 1.

From eqn (1) we obtain instead of (46)

, l-ru;
s=-

rUr
(50)

For E(r) = r n the radial stress component u, in eqn (50) can be calculated by the
formula

For the special case n -+ 0, we obtain from equality (51)

I+v
u = -P2 - --lnr

r I-v'

and eqn (50) has an exact solution

[
P2 J2

10 +.j
her) -

- P2+g lnr

where

I+v
g=-.

I-v

(51)

(52)

Notice that (48), (49), (51), (52) determine the distributions of radial stress Ur at the
moment when the limit state is reached.
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Fig. 4. The optimal distribution of thickness.

Figure 4 presents the results obtained from (47) after numerically integrating the
differential equation (46) (Curves 1-3) and (50) (Curve 4) with the condition s(l) = 0,
using the standard 4th ordered Runge-Kutta method. Curve I corresponds to n = 1.00,
PIL = 0.90, P2 = 0.40; Curve 2-n = 0.90, PIL = 0.27, P2 = 0.40; Curve 3-n = 0.70,
PIL = 0.34, P2 = 0.55; Curve 4-n = 3.00, Plu = 0.78, P2 = 0.40.

Besides the nonhomogeneous annular disc with optimal distribution of thickness, we
consider a disc with constant thickness ho• Assuming that these discs have the same volume,
we find that ho is given by

2 i1

ho = 1- :l" , rh(r) dr.

The limit forces upon the inner and external contours of the discs under consideration
may be calculated from T I = 21trxh(rx)p" T? = 21tIXhop?, T2= 2np2' Tg = 2rchopg, where
p? and pg stand for the limit internal and external pressures for discs of constant thickness
in the region of the elastic deformations. The economy of the nonhomogeneous annular
discs with the optimal distribution of thickness compared to discs of constant thickness
may be assessed by the ratios TIlT? for T2= T~ or T21Tg for T I = T? For instance, we
have T21Tg = 1.05 for n = 0.90, PIL = 0.27, P1 = 0.40 and TIlT? = 7.57 for n = 3.0,
Plu = 0.78, P2 = 0.40.

7. RECIPROCAL METHOD

In the previous Sections it was assumed that the distribution ofeither Young's modulus
or thickness was given. If neither is prescribed a reciprocal method may be used. Let us
consider the case where the distribution of the radial stress (Jr is given by the linear function

(Jr = Ar+B.

From boundary conditions (3) and (4), it follows that

A
_ PI-P2. PiX-PI
- I ,B= I .-01: -IX

(53)

To satisfy the Tresca yield criterion simultaneously at all points, we must take (J9 = - 1
for all values of r. The inequalities (5) and (6) are satisfied, if



Design of annular discs

2.5

t5

to

0.6 O.l o.a 0.9 4.0 l'

Fig. S. The optimal distributions of Young's modulus and thickness.

629

(54)

The optimal distributions ofthickness and Young's modulus are found from the equilibrium
(1) and the compatibility equations (2), respectively, and are given by

I
A BI(I-BliB

h(r) ==~ r-(l+BI/B
A+B

\

A B +11[I+-+.2(B-I)I/I'(lHB)1
E(r) == vr+ v r((I+B)(I+.I)/(I+.BI.

Av+Bv+ I

(55)

(56)

Ifinstead ofthe equality (19 == -I, ifwe take 0'9-0', == I, the condition (54) is preserved,
but the functions h(r) and E(r) are given by

I
A+B\(I-BIIB

h(r) == -- r llB
Ar+B

/

rA(l-V)+B(I-V)+ IIIB--<I+BI1/II+B(I-0>l
E(r) == ,11+ol/[I+B(I-o»).

A(I-v)+B(I-v)+ I

(57)

(58)

The distributions of E(r) (Curves 2, 3, 5, 6) and h(r) (Curves I, 4, 7, 8), calculated
from (55) (Curves I, 7, 8), (56) (Curves 3, 5, 6), (57) (Curve 4) and (58) (Curve 2) for
v - 0.33, ex == 0.5 are presented in Fig. 5. Curves 1-4 correspond to the case PI - 0.90,
P2 == 0.20, Curves 5, 7-PI == 0.30, P2 == 0.80 and Curves 6, 8-PI == 0.00, P2 == 0.90.

8. REGIONS OF ELASTIC DEFORMATIONS

Using the equilibrium eqn (I), the compatibility equation ofstrains (2) may be rewritten
as
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where

and

K. HEI=" and M. HEI="WO

j . ( ) , , 3
I r = s -q +

r

I
12(r) = -[s"r+s'(2+v)-q'(I-v+s'r)]

r

s = In h(r), q(r) = In E(r).

(59)

In order to determine the ranges of pressures P I and P2 within which the deformations
of the disc are elastic, eqn (59) was used. First we determined the radial stress (1, by solving
the boundary value problem (59), (3), (4) and then found the hoop stress component from
the equilibrium eqn (1). Finally by incrementing the parameters PI and P2 stepwise we
obtained the desired region in the PI-P2 plane. In this region the stresses (1r and (10 satisfy
the conditions (5)-(7). The boundary value problem (59), (3), (4) was reduced to two
initial-value problems which were solved by the standard 4th order Runge-Kutta method.
For the calculation of the derivative (1; in eqn (I) the 4th order formulae of the numerical
differentiation were used. The results of these calculations were presented in Sections 3, 5.

9. CONCLUSION

The limit analysis of variable-thickness annular discs is important for engineers and
designers in order to estimate their load carrying capacity. In the present paper, the
optimal variations of Young's modulus or thickness with radius were found. These optimal
distributions guarantee the satisfaction of the Tresca yield criterion simultaneously at all
points under determined limit pressures. The optimal distributions of Young's modulus in
multilayer discs made of a great number of concentric homogeneous rings of different
Young's moduli may be obtained approximately. The examples given in the paper show
the evident advantages ofequi-strength discs over discs in which the equi-strength condition
is not satisfied.
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